The depletion potential between a hard sphere and a planar hard wall, or two hard spheres, imposed by suspended rigid spherocylindrical rods is computed by the acceptance ratio method through the application of Monte Carlo simulation. The accurate results and ideal-gas approximation results of the depletion potential are determined with the acceptance ratio method in our simulations. For comparison, the depletion potentials are also studied by using both the density functional theory and Derjaguin approximations. The density profile as a function of positions and orientations of rods, used in the density functional theory, is calculated by Monte Carlo simulation. The potential obtained by the acceptance ratio method is in good agreement with that of density functional theory under the ideal-gas approximation. The comparison between our results and those of other theories suggests that the acceptance ratio method is the only efficient method used to compute the depletion potential induced by nonspherical colloids with the volume fraction beyond the ideal-gas approximation.
I. INTRODUCTION
Since the pioneering work of Asakura and Oosawa 1,2 ͑AO͒ on the depletion interaction between colloidal particles in polymer-colloid suspension systems, there has been continuing interest in the studies of the entropic effects in different systems. Especially in the case that the direct pair interacting potential is hard core type and the depletion interactions are between some relatively simple models, induced by a fluid of small spheres, they have been studied very well in theories, [3] [4] [5] [6] simulations, [7] [8] [9] [10] [11] [12] and experiments. 13, 14 The study on depletion interactions induced by the suspension of nonspherical colloids is much less.
Recently, some work on the depletion potentials of mixtures of spherical and rodlike colloids has also been reported. Mao et al. have done some analytical calculations on the entropic potential imposed on a sphere near another sphere or a wall by the suspensions of thin rods. 15, 16 Their theory is based on the Derjaguin approximation ͑DA͒ which is restricted in its application to the regime of large colloidal spheres in a sea of short needles. Further theory appropriate for any ratio of the diameter of the sphere and the length of rods has been developed by Yaman et al . 17 This theory involves numerical calculations and it is an approximation theory under the limit of infinite-small rods with low volume fractions. The direct determination of the depletion interactions induced by rods can be found in recent experiments. 18, 19 The volume fractions of suspended rods used in experiments are very low. The depletion potential is purely attractive except for the repulsive part near the contact point which is from electrostatic interactions or induced by the adsorption of rods to the surface of the sphere. In a very recent experiment done by Helden et al., 19 the results of the density functional theory ͑DFT͒ were shown as well as experimental results. The DFT, used to calculate the depletion potential induced by rods, is proposed by Roth. 20 The potential obtained by DFT is only exact to first order in the density of the rods. For systems of low volume fractions, this theory can give reasonable results like those in Ref. 19 In order to get more understanding to the depletion potential induced by nonspherical colloidal suspensions, it is necessary to examine the suspension which cannot be described by the idealgas approximation. Our many previous works suggest that the acceptance ratio method combined with the application of Monte Carlo ͑MC͒ simulation is an efficient method in the calculations of depletion interactions. [9] [10] [11] [12] It is straightforward to extend this method to nonspherical suspensions. The only modification is to simulate the nonspherical particles instead of spheres in the processes of MC simulations. In this paper, we focus on the depletion interactions between a macrosphere and a planar hard wall or between two macrospheres induced by suspensions of spherocylindrical rods ͑see Fig. 1͒ . The model of a spherocylinder comprises a hard cylindrical rod of length L and diameter D capped at each end by a hard hemisphere, also of diameter D. The model is fully characterized by the aspect ratio of L / D. In the limit L / D = 0, we obtain the hard sphere model; at the other extreme, we recover infinite-small rods and also needles. We present the accurate potential within the statistical errors, induced by noninteracting rods and by interacting rods, obtained by the acceptance ratio method ͑ARM͒ with MC simulation ͑Sec. II͒. The potential on a sphere near a planar wall in a sea of noninteracting rods is also estimated by DA and DFT under the ideal-gas approximation, and that induced by interacting rods is estimated by DFT by taking the density profile into account near a planar wall obtained by MC simulation ͑Sec. III͒.
II. ACCEPTANCE RATIO METHOD
The acceptance ratio method was first proposed by Bennett, 21 it is a very powerful method in the determination of free energy from simulations. For hard sphere systems, an effective implementation has been proposed in Ref. 9 and subsequently used in the studies of depletion interactions of hard sphere systems. 10 The method aims to calculate the free energy difference between two similar systems characterized by the potentials V 0 and V 1 . The partition functions of the systems being Q 0 and Q 1 , the free energy difference between these two systems is given by
͑1͒
Here, f͑x͒ = ͓1 + exp͑x͔͒ −1 is the Fermi function and ␤ =1/ k B T. In our implementation of the hard sphere systems, Eq. ͑1͒ simplifies to
where N 10 is the number of samples drawn out from the N simulated samples, which are generated with potential V 0 where V 1 is not infinite, and N 01 is the number of samples drawn out from N simulated samples, which are generated with potential V 1 where V 0 is not infinite. For each given state of two spheres or one sphere and a planar wall, the MC simulations consist of N MC steps. In each MC step, the center of mass of each rod is displaced randomly within a cube following the well established Metropolis scheme and is then reoriented with a cone centered on the molecular axis. A trial displacement is accepted if the move does not result in an overlap to the two spheres ͑or the sphere or the wall͒ or other rods and rejected otherwise. The magnitude of the random displacement and reorientation parameters are adjusted so that the overall acceptance ratio is about 0.3-0.5. To ensure the isotropy of the rods, 22 the volume fraction of the rods used in our simulations is under the value with which the suspension of the rods transfers to anisotropic. The random positions of the center of mass and random orientations are used as the initial configurations. We use typically 5 ϫ 10 4 Monte Carlo steps ͑MCS͒ for equilibration of the systems and other ͑5-20͒ ϫ 10 5 MCS to collect data. The volume fractions of rods are chosen as r = 0.15, 0.25, and 0.35 with errors less than 0.1% by giving the number ͑500-1500 are used in our simulations͒ of the rods.
III. THEORY METHODS

A. Derjaguin approximation
According to the Derjaguin approximation scheme for the calculation of the depletion potential between two spheres induced by noninteracting spheroids in Ref. 23 , we can readily obtain the potential between two spheres induced by noninteracting rods as follows:
where R is the radius of the spheres, b is the bulk number density of the rods, k B is the Boltzmann constant, and T is the temperature. In the ideal DA, the potential between a sphere and a planar wall is twice of that between two spheres; also,
B. Density functional theory
The depletion potential between two spheres or between a sphere and a planar hard wall due to the presence of rigid rods at low density can be expressed as 20 
−
W͑r͒
where f s,rod ͑r − r 1 , ͒ is the Mayer function of the interaction potential between a sphere and a rod. The Mayer function equals −1 if the particles intersect or touch each other and is zero otherwise ͑r 1 , ͒ is the density profile of rods, which is a function of positions and orientations of rods, in the external potential of a sphere or a planar wall and ͑ϱ , ͒ is the corresponding density profile of the bulk fluid. In the assumption that the suspension of rods is an ideal gas, expression ͑5͒ is reduced to
where V ext is the external potential acting on the rods, which is either the potential of a planar hard wall or that of one fixed sphere of radius R.
IV. RESULTS AND DISCUSSION
In the processes of MC simulations, the most timeconsuming step is to move each spherocylinder which needs to be checked whether or not there is an overlap between the moved spherocylinder with a new orientation at a new position and its neighbors. For spherical colloids, this can be determined only by estimating the distance of centers of spheres. More calculations, involving relative positions and orientations, need to be done for anisotropic rigid particles. In order to reduce the calculating time, we use a small number of spherocylinders by choosing a small size ratio between the diameter of sphere, a =2R, and rod length in this work. In our simulations, the diameter of the rod is chosen as the unit, the length of the rod is fixed as L =2D, and three volume fractions of the rod are used: 0.35, 0.25, and 0.15. Two models are considered in this work: the wall-sphere model and the sphere-sphere model. The diameter of spheres in both models is given as a =5D. The size ratio between the diameter of spheres and the length of rods is a / L eff =5/ 3, where L eff = L + D is the effective length of the spherocylinder.
AO theory is the earliest method to estimate depletion interactions in colloidal suspensions. It can give accurate results for depletion interactions induced by noninteracting particles ͑e.g., polymers in poor solvent͒. For interacting colloids with induced depletion effect, it gives a first-order approximation with respect to the density of the suspended colloids. Usually, it is a useful guide for experiments and other theoretical methods. In spherical colloidal suspensions, many analytical formulas for depletion potentials can be obtained through simple geometric calculations. 10, 11 For the nonspherical colloids, such as a spherocylinder, the analytical result is hard to be found. In our ARM, depletion potentials under AO approximation can be computed easily. In AO theory, the basic idea is that there are no interactions among these suspended colloids except for the sphere imposed with a depletion potential by those colloids. We can get AO approximate results by simply assuming that there is no interaction among the spherocylinders during the simulating processes.
In Fig. 2 , the depletion potentials on a hard sphere with radius R = 2.5D near a hard planar wall, induced by the suspensions of spherocylinders, are presented. From a small to a However, the potential depth is a little different and the depth of MC method is a little larger than that of DFT. In theory, the two results should be the same within statistical errors in MC simulations. In our MC simulations, the statistical errors are very small ͑smaller than the range of the symbols͒ 10 and statistical errors usually give some oscillatory behavior on the curves. In fact, the discrepancy can be explained by the bulk density of rods b . In our MC simulations, the canonical ensemble is used by giving the volume fraction of rods. As the excluded volume of the sphere or the wall to rods in the simulating box has a fixed volume, the bulk density ͑the density far from the considered sphere or wall͒ is larger than the average value, 0 , determined by the given volume fraction 0 = b / v rod , and v rod = ͑D / 6+L / 4͒D 2 . For example, the bulk densities determined in our simulations are about b = 0.0755, 0.1236, and 0.1710 for the three volume fractions. The average densities are 0 = 0.0716, 0.1194, and 0.1671, respectively. Similar discrepancies between MC results and DFT results also exist in our previous work. 10 The accurate depletion potentials of the wall-sphere model, with the same parameters as those in Fig. 2, are shown in Fig. 3 . The potential curve of volume fraction b = 0.15 is shifted upward k B T and that of b = 0.35 is shifted downward 2k B T for the reason of clarity. The results of DFT ͑solid lines͒, Derjaguin ͑crosses͒, and ideal-gas approximations ͑or AO approximation͒ ͑dashed lines͒ are shown together with MC results ͑square symbols͒. From the accurate potential obtained by ARM, we can see that it has a universal characteristic appearing in those induced by spherical colloids. It is that the potential is not purely attractive as the oscillations on the potential curve exist and the oscillations become more pronounced as the density of rods increases. The results of the Derjaguin approximation are obtained from Eq. ͑4͒ and those of the ideal-gas approximation are obtained by ARM. The two approximation theories give close results. This consistence of the two theories in our systems is not universal and depends on the ratio a / L eff . 20 Here, the DFT results are calculated using Eq. ͑5͒, where the density profile as a function of positions and orientations of rods is obtained by the MC simulation. The roughness of the curve is induced by the statistical fluctuation of the density profile. Compared with the AO results, the consideration of the density profile introduces small oscillations onto the depletion potential curves. However, the potential depth is underestimated. Compared with accurate MC results, the oscillations are much smaller. This suggests that it is not enough to only include the density profile of rods when computing depletion potentials in DFT as this theory is only exact to first order with respect to the rod density. In addition, the contribution of higher orders of the rod density is important as well as that of its first order.
In order to understand the difference between the potential induced by nonspherical colloids and that induced by spheres, a comparison between the two potentials is given in Fig. 4 . The potential on the same sphere with radius R = 2.5D in the wall-sphere model, induced by effective small spheres with the same single volume and the same volume fraction s as rods, is computed by replacing rods with spheres with an effective diameter d eff =4
1/3 D Ϸ 1.5874D.
The volume fraction for both rods and spheres is b = s = 0.35. The effective diameter of the small sphere is indicated by the point where the potential of the AO approximation vanishes ͑Fig. 4͒. The range of the potential by effective spheres is shorter than that by rods under AO approximation as the effective diameter d eff = 1.5874D of spheres is smaller than the length of the rod L eff =3D. For the accurate results, the range of the potential becomes much longer as the oscillations exist and cannot be simply compared. We find that the potential depth of spheres ͑circle symbols͒ is smaller than that of rods ͑square symbols͒ from accurate MC results as well as from those of the ideal-gas approximation. This has also been found in experiments. 15 However, we also find that the oscillations of the potential induced by spheres are larger than those of the potential induced by rods. The potential in the sphere-sphere model is given in Fig. 5 . The potential in the sphere-sphere model is smaller than that in the wallsphere model for the same volume fraction of rods. This is predicted by the Derjaguin approximation. Under this approximation, the latter one is twice of the former one. In the accurate results, the relation between the two potentials is beyond simple double relation.
V. CONCLUSIONS
In summary, the entropic effect in the wall-sphere or sphere-sphere model, induced by the suspension of rods, is investigated by MC simulations. The depletion potential is computed by the acceptance ratio method. The agreement between our MC results and DFT results under the AO approximation confirms that ARM is a very efficient method in calculating depletion potentials by rods. The comparisons between MC results and other theories, DFT, Derjaguin approximation, and AO approximation, suggest that ARM is the only available theoretical method for calculating accurate depletion potentials induced by nonspherical colloidal suspensions.
